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Various types of local zeta functions studied in asymptotic group theory admit 
two natural operations: (1) change the prime and (2) perform local base extensions. 
Often, the effects of both of these operations can be expressed simultaneously in 
terms of a single explicit formula. We show that in these cases, the behaviour of local 
zeta functions under variation of the prime in a set of density 1 in fact completely 
determines these functions for almost all primes and, moreover, it also determines 
their behaviour under local base extensions. We discuss applications to topological 
zeta functions, functional equations, and questions of uniformity. 


1 Introduction 

For a finitely generated nilpotent group G and a prime p, let Cc^pis) be the Dirichlet 
series enumerating continuous irreducible finite-dimensional complex representations of 
the pro-p completion Gp of G, counted up to equivalence and tensoring with continuous 
1-dimensional representations. In this article, we prove statements of the following form. 

Theorem. Let G and H be finitely generated nilpotent groups such that 

for all primes p in a set of density 1. Then CS^pis) = almost all primes p. 

Much more can be said if, in addition to the variation of p, we also take into account 
local base extensions. To that end, as explained in [22] , we may construct a unipotent 
group scheme G over Z such that G (8)z Q is the Mal’cev completion of G regarded as an 
algebraic Q-group. It follows that G and G(Z) are commensurable and that Gp = G(Zp) 
for almost all p, where Zp denotes the p-adic integers; let H be a unipotent group scheme 
associated with H in the same way. The preceding theorem can be sharpened as follows. 
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Theorem. Suppose that Cg(z )(®) ~ ‘’H(z )(^) primes p in a set of density 1. Then 

Cg(oJ^) = Ch(oJ^) for almost all primes p and all finite extensions K of the field Qp 
of p-adic numbers, where Ok denotes the valuation ring of K. 


Explicit formulae in the spirit of Denef’s work on Igusa’s local zeta function (see [^) 
have been previously obtained for zeta functions such as 

formulae are well-behaved under both variation of the prime p and under local base 
extensions K/Qp. Our technical main result, Theorem 3.2, shows that if some explicit 


formula behaves well under these two operations, then every formula which remains 
valid if p is changed also necessarily remains valid if local base extensions are performed, 
at least after excluding a finite number of primes. We prove this by interpreting the 
geometric ingredients of the explicit formulae under consideration in terms of ^-adic 
Galois representations and by invoking Chebotarev’s density theorem. A collection of 
arithmetic applications of these techniques is given in which provides the main 


inspiration for the present article. In particular. Theorem 3.2 below draws upon the 
following result. 


Theorem ( |^ Thm 1.3]). Let V and W be schemes of finite type over Z. Suppose that 
ffV(Fp) = ffWiYp) for all p in a set of primes of density 1. Then ffVfFpf) = ffW{Fpf) 
for almost all primes p and a// / G N. 


As a first application, in Q we consider consequences of the local results obtained in 
this article to topological zeta functions—the latter zeta functions arise as limits “p —?• 1” 
of local ones. In particular, we provide a rigorous justification for the process of deriving 
topological zeta functions from suitably uniform p-adic ones. 

Thanks to [24] and its subsequent applications in [H|22|, various types of local zeta 
functions arising in asymptotic group and ring theory are known to generically satisfy 
functional equations under “inversion of p”, an operation defined on the level of carefully 
chosen explicit formulae. As another application of the results in this article, we show 
in ^that such local functional equations are independent of the chosen formulae whence 
they admit the expected interpretation for uniform examples in the sense of §1.2.4]. 
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Notation 

We write N = {1,2,...} and use the symbol “c” to indicate not necessarily proper 
inclusion. Throughout, k is always a number field with ring of integers o. We write Vk for 
the set of non-Archimedean places of k. Given v G Vk, let ky be the u-adic completion of k 
and let ^ be its residue field. We let qy and py denote the cardinality and characteristic 
of respectively. Choose an algebraic closure ky of ky and for f ^ 1, let ki, ' G ky 
denote the unramified extension of degree / of ky. The residue field Ky of ky is an 
algebraic closure of Ky. Having fixed ky, we identify the residue field Ki, of ki, ' with 
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the extension of degree / of ^ within We let Dk denote the valuation ring of a 
non-Archimedean local field K, and we let denote the maximal ideal of Dk- We 
write qk = #{Dk/^k)- 


2 Local zeta functions of groups, algebras, and modules 

We recall the definitions of the representation and subobject zeta functions considered in 
this article on a formal level which disregards questions of convergence (and finiteness). 


Representation zeta functions. For further details on the following, we refer the reader 
to and (25| §4], Let G be a topological group. For n G N, let r„(G) G N U 
{0, oo} denote the number of equivalence classes of continuous irreducible representations 
G GL„(C). The representation zeta function of G is Cg'^(s) = . 

Two continuous complex representations g and cr of G are twist-equivalent if g is 
equivalent to a (8>c ct for a continuous 1-dimensional complex representation a of G. 
For n G N, let fn{G) denote the number of twist-equivalence classes of continuous 
irreducible representations G — )• GL„(C). The twist-representation zeta function of 
GisCf( 5) = En=i^'n(G)n-L 


see 


The following types of zeta functions go back to m 

52.1]. Let ii be a commutative 
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Subobject zeta functions. 

|25| for a recent survey; we use the formalism from 
unital, and associative ring. Let A be a possibly non-associative i?-algebra. For n G N, 
let a^(A) denote the number of subalgebras U of A such that the i?-module quotient 
A/U has cardinality n. The subalgebra zeta function of A is Ca (^) ~ 

Similarly, let M be an i?-module and let E be an associative i2-subalgebra of Endij(l\/I). 
For n G N, let 6n(E r\ M) denote the number of (E -|- i?lM)-submodules U C M such 
that the i2-module quotient M/U has cardinality n. The submodule zeta function 
of E acting on M is CErvM(s) = ^ M)n“^. An important special case of 

a submodule zeta function is the ideal zeta function of an i?-algebra A, defined by 
enumerating (i?-)ideals of A with finite i?-module quotients. 

A group-theoretic motivation for studying these zeta functions is given in |11[ §4]: 
given a finitely generated nilpotent group G, there exists a Lie ring L such that for almost 
all primes p, the subalgebra (resp. ideal) zeta function of L (8)7 Zp enumerates precisely 
the subgroups (resp. normal subgroups) of finite index of Gp, the pro-p completion of G. 


3 Stability under base extension for local maps of Denef type 

Given a possibly non-associative Z-algebra A, the underlying Z-module of which is finitely 
generated, du Sautoy and Grunewald established the existence of schemes Vi,... ,Vr 
and rational functions Wi ,..., Wr G Q(-^, Y) such that for all primes p ^ 0, 

r 

C4z,(") = (3.1) 

i=l 
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In this section, we shall concern ourselves with formulae of the same shape as (3.1). We 
will focus on the behaviour of such formulae under variation of p as well as under base 
extension. As we will see, while the Vi and Wi in (3.1) are in no way uniquely determined, 
valuable relations can be deduced from the validity of equations such as (3.1) alone. To 
that end, we develop a formalism of “local maps” which, as we will explain, specialises to 
various group-theoretic instances of local zeta functions. 


3.1 Local maps of Denef type 


The formalism developed in the following is closely related to the “systems of local zeta 
functions” considered in |16[ §5.2]. By a /c-local map in m variables we mean a map 

Z: Vfc\-5zxN^Q(yi,...,y^), 


where Sz C Vk is hnite; in the following, the number m will be hxed. 

Local maps provide a convenient formalism for studying families of local zeta functions 
as follows: for v € Vk \ Sz and / G N, let Z{v, f) denote the meromorphic function 
Z(i', , ■ ■ ■, in complex variables si,..., Sm- Note that given {v, /), the 

functions Z(v,f) and Z{v,f) determine each other. Let K he a, non-Archimedean local 
held endowed with an embedding k C K. We may regard K as a hnite extension of ky 
for a unique v G Vk- Let / be the inertia degree of K/ky. Given a fe-local map Z, if 
V 0 Sz, write Zk := Z(n, /) and Zk{si, ..., Sm) '■= Z(v, /). 

We say that two /c-local maps Z and Z' are equivalent if they coincide on Vfc \ S' x N for 
some hnite S D Sz U Sz'- We are usually only interested in local maps up to equivalence. 
Let y be a separated o-scheme of hnite type and let W G Q(y, yi,..., Ym) be regular 
at {q, Yi, ..., Ym) for each integer q > 1. Dehne a fe-local map 

[y • W] : Vfc X N ^ Q(yi,..., Ym), (v, f) ^ • W{ql, Yi,...,Ym). 


We say that a /c-local map is of Denef type if it is equivalent to a hnite (pointwise) 
sum of maps of the form [y -W]; for a motivation of our terminology, see ^3.2.1 Note 
that local maps of Denef type contain further information compared with equations such 
as (3.1). Namely, in addition to the variation of the prime, they also take into account 
local base extensions. 


3.2 Main examples of local maps 

We discuss the primary examples of fc-local maps of Denef type of interest to us. These 
local maps will be constructed from an o-form of a /c-object and only be dehned up to 
equivalence. In the univariate case m = 1, we simply write Y = Yi and s = si. We also 
allow m > 1 since various types of univariate zeta functions in the literature are most 
conveniently expressed and analysed as specialisations of multivariate p-adic integrals. 

3.2.1 Generalised Igusa zeta functions ([^[^; cf. Ex. 5.11(ii),(vi)]) 

Let ai,..., ttm < k[Xi ,..., X^] be non-zero ideals. Write a* = a* n o]^!,..., Xn]- Estab¬ 
lished results from p-adic integration pioneered by Denef show that there exists a /c-local 
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map : Vfc \ 5 X N — )■ Q(yi,..., Ym) of Denef type such that for all v £ Vk \ S, 

all finite extensions K/ky, and all si,..., Sm £ C with Re(si),..., Re(sm) ^ 0, we have 


• • • ,Sm) = [ \\ai{x)\\^^ ■■■\\am{x)\\^'^dfj.K{x), 

Jo- 

where fix denotes the normalised Haar measure on and || • || the usual maximum 
norm. Note that the equivalence class of remains nnchanged if we replace a* by 

another o-ideal with /c-span a*. 


3.2.2 Subalgebra and submodule zeta functions (0; cf. Ex. 5.11(iii)]) 

Let ^ be a not necessarily associative finite-dimensional fc-algebra. Choose any o-form A 
of A which is hnitely generated as an o-module. By 0 Thm 1.4] (cf. (Ig] , Thm 5.16]), 
there exists a fc-local map Z"^: Vfc \ 5 x N —Q(y) of Denef type characterised by 

Z'k(s) = 

where we regard A 0o Dk as an D;^-algebra (so that we enumerate Di^-subalgebras of 
finite index). The equivalence class of Z-^ only depends on A and not on A. 


Remark 3.1. For a finite extension K/ky, instead of regarding A as an Dk- 

algebra, we could also consider it as an algebra over and enumerate its o^-subalgebras 
or o^-ideals. While the latter type of “extension of scalars” [IT| p. 188] has the advantage 
of admitting a group-theoretic interpretation for nilpotent Lie rings, its effect on zeta 
functions is only understood in very few cases, see [lH Thm 3-4] and 19 . 


Let M be a finite-dimensional vector space over k, and let £ be an associative subalgebra 
of Endfc(M). Choose an o-form M of M which is finitely generated as an o-module and 
an o-form E C End(,(M) of £. Similarly to the case of algebras from above, we obtain a 
L-local map Z^^-^: Vfc \ 5" x N —Q(y) of Denef type with 


ySr\M 


{s) — C(E®oOir)^{M®„Oif)('S)- 


3.2.3 Representation zeta functions: unipotent groups ((22]) 

Let G be a unipotent algebraic group over k. Choose an affine group scheme G of finite 
type over o with G®ok G. There exists a hnite set S dVk such that G(Dii-) is a 
unitely generated nilpotent pro-p„ group for v £ Vk\S and all finite extensions K/ky. By 
22 Pf of Thm A], after enlarging S, we obtain a fc-local map ; Vfc \ 5 x N —)■ Q(y) 
of Denef type characterised by 

the equivalence class of only depends on G and not on G. 
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3.2.4 Representation zeta functions: FAb p-adic analytic pro-p groups ([^) 


Let g be a finite-dimensional perfect Lie fe-algebra. Choose an o-form g of g which is 
hnitely generated as an o-module. As explained in §2.1], there exists a finite set 
S C Vk (including all the places which ramify over Q) such that for each v € Vk\ S and 
/ G N, the space := <8)o can be naturally endowed with the structure 

of a FAb p^-adic analytic pro-p^ group; here, denotes the valuation ring of ky and 
the maximal ideal of By §§3-4], after further enlarging S, we obtain a map 
of Denef type : Vfc \ 5 x N —> Q(^) with 





the equivalence class of which only depends on g. Note that in contrast to the preceding 

( f) 

examples, here we restrict attention to (absolutely) unramified extensions ky /Qp^ ;by 
considering “higher congruence subgroups” G™'( •) as in Thm A], this restriction could 
be removed at the cost of a more technical exposition. 


3.3 Main results 


The following result, which we will prove in §3.4[ constitutes the technical heart of this 
article. Throughout, by the density of a set of places or primes, we mean the natural 
one as in §3.1.3]. As before, let A: be a number field with ring of integers o. 

Theorem 3.2. Let Fi, ..., V). be separated o-schemes of finite type and let Wi, ..., Wy G 
Q(A, Yi,... , Ym)- Suppose that (q, Yi, ..., Ym) is a regular point of each Wi for each 
integer q > 1. Let P GVk be a set of places of density 1 and suppose that for all v € P, 

r 

Y,W^{^)■W^{qy,Yl,...,Ym)=Q. 

i=l 

Then there exists a finite set S C Vk such that for all v € Vk\ S and all / G N, 


• w^iql, Ti,..., = 0. 

i=l 


We now discuss important consequences of Theorem 3.2 for local maps of Denef type. 
The following implies the first two theorems stated in the introduction. 


Corollary 3.3. Let Z, Z' be k-local maps of Denef type. Let P <zVk \ {Sz U Sz') have 
density 1 and let Z{v, 1) = Z'(v, 1) for all v £ P. Then Z and Z! are equivalent. That is, 
there exists a finite S D Sz'L Sz' with Z{y, f) = Z'{v, f) for all v £ Vk \ S and / G N. 


Proof. Apply Theorem 3.2 to the difference Z — Z 


♦ 


Example 3.4. Let 


H(i?) 


1 R R 
1 R 
1 
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be the “natural” Z-form of the Heisenberg group. It has long been known |14] that the 
global twist-representation zeta function of H (Z) satisfies Ch(z)(®) = C('S - 1)/C('S). For 

\k "" 


Q| = 2, Ezzat 10 Thm 1.1] found that Ch(o)('®) = Cfc('S - 1)/Cfc(s) = ni,eVfe(l “ 
where Cfc is the Dedekind zeta function of k, and he conjectured the 
same formula to hold for arbitrary number helds k. This was proved by Stasinski and 
Voll as a very special case of |22[ Thm B]. Both approaches proceed by computing the 
corresponding local zeta functions Ch(o„)('S) ^ indicated by the Euler product above. 

Corollary 3.3 shows that, disregarding a finite number of exceptional places, such a 
regular behaviour of local representation zeta functions under base extension is a general 
phenomenon. Indeed, knowing that CH(Zp)(s) = (1 ~P~*)/(1 — for (almost) all 

primes p, using Corollary 3.3 and the (deep) fact that the 7.^ '^ 


defined in i 3.2.3 

,1-S^ 


are of 

Denef type, we can immediately deduce that Ch(£)k)('S) = (1 “ almost 

all p and all finite extensions K/Qp. We note that the exclusion of finitely many places, 
unnecessary as it might be in this particular case, is deeply ingrained in the techniques 
underpinning the proof of Theorem 3.2 (but see Lemma 3.8). 


In analogy with §1.2.4], we say that a A:-local map Z is uniform if it is equivalent to 
{v, f)>-^W{ql, Ti, ..., Ym) for a rational function W G Q(-^, Ti, ..., Ym) which is regular 
at each point {q,Yi,..., Ym) for each integer q > 1. We then say that W uniformly 
represents Z. For a more literal analogue of the notion of uniformity in (which goes 
back to [m §5]), we should only insist that Z(u, 1) = W{qv,Yi,... ,Ym) for almost all 
V G Vfc. However, these two notions of uniformity actually coincide: 


Corollary 3.5. Let Z be a k-local map of Denef type. Let P G Vk\ Sz have density 1 
and let W G Q{X,Yi,... ,Ym) be regular at {q,Yi,... ,Ym) for all integers q > 1. If 
Z(u, 1) = W{qv, li,..., Ym) for all v € P, then Z is uniformly represented by W. 


Proof. Apply Corollary 3.3 with Z'{v, f) = W{ql,Yi, 


Y 

! J- rr. 


♦ 


This in particular applies to a large number of examples of uniform p-adic subalgebra 
and ideal zeta functions computed by Woodward |^. Specihcally, Ch. 2] contains 
numerous examples of Lie rings L such that Cl®z ('^) ~ lF(p,p“^) for some 1F(A, Y) G 
Q(A, Y) and all rational primes p (or almost all of them); the denominators of the rational 
functions VF(A, Y) are products of factors 1 — X°‘Y^. 


Corollary 


3.5 


now shows that for 


almost all p and all finite extensions iL/Qp, we necessarily have CL'g)O^('S) = 

We note that since Woodward’s computations of zeta functions are based on p-adic 
integration, we expect them to immediately extend to finite extensions of Qp, thus 
rendering this application of Corollary |3.5| unnecessary. However, as Woodward provides 
few details on his computations (see Ch. 2]), the present author is unable to confirm 
this. It is perhaps a consequence of the group-theoretic origin of the subject (see the 
final paragraph of ^ that local base extensions, in the sense considered here, have not 
been investigated for subalgebra and ideal zeta functions prior to |16]. 
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3.4 Proof of Theorem 13.21 


We first recall some facts on the subject of counting points on varieties from Ch. 3-4], 
Let G be a profinite group. We let Cl( 5 ) denote the conjugacy class of 5 G G and 
write C1(G) := {Cl( 5 () : g G G}. We may naturally regard C1(G) as a profinite space 
by endowing it with the quotient topology or, equivalently, by identifying C1(G) = 
l^m ^ G ^lisre N ranges over the open normal subgroups of G and each of the 

finite sets C1(G/A^) is regarded as a discrete space. 

As before, let A; be a number field with ring of integers 0 . Fix an algebraic closure k 
of k. For a finite set S' C Vfc, let F^ denote the Galois group of the maximal extension of 
k within k which is unramified outside of S. For u G \ S', choose an element gv 
in the conjugacy class of geometric Frobenius elements associated with v, see |20[ §§4.4, 
4.8.2]. The following is a consequence of Chebotarev’s density theorem. 

Theorem 3.6 (Cf. Thm 6.7]). Let P C Vk\S have density 1. Then {Cl( 5 ^) : u G P} 
is a dense subset ofCl{Ts)- 


Fix an arbitrary rational prime i. Recall that a virtual Gadic character of a profinite 
group G is a map a: G —)■ of the form g 1 —;■ P ( 5 )), where ci,..., G Z 

and each Qi is a continuous homomorphism from G into some GL„-(Q£). Note that such 
a map a induces a continuous map C1(G) —)• Q^. The set of virtual Gadic characters of 
G forms a commutative ring under pointwise operations. 

The next result follows from Grothendieck’s trace formula (M] Thm 4.2] and the generic 
cohomological behaviour of reduction modulo non-zero primes of 0 |20[ Thm 4.13]. 

Theorem 3.7 (See Gh. 4] and cf. §§6.1.1-6.1.2]). Let V be a separated o-scheme 

of finite type. Then there exist a finite set S GVk and a virtual i-adic character a of Vs 
such that = ot{gl) for all v G Vk \ S and all / G N. 


Note that since ffV{^) G NU {0} for all v G Vk and {Cl( 5 „) : v G Vk\ S} is dense in 
C 1 (F 5 ), the virtual character a in Theorem 3.7 is necessarily Z^-valued. 


Proof of Theorem 3.2 There exists a non-zero D G Z[X, Yi,..., Ym] such that DWi G 
Z[X, Yi,..., Ym] for i = 1,..., r and D{q, Yi,..., Ym) 0 for integers q> 1. The proof of 
Theorem 3.2 is thus reduced to the case IFi,..., Wr G Z[A1, Yi,..., Ym]. By considering 
the coefficients of each monomial Yfi^ ■ ■ ■ we may assume that IFi,..., Wr G Z[A]. 

Let Vq := AJ. By Theorem 3.7, there exists a finite set S C Vk and for 0 ^ i ^ r, a 
continuous virtual Gadic character 7 ^: Fg —)• Z^ with ) = 'yfigi) for all u G Vfc \5' 

and / G N. By construction, the virtual character a := 7*' : Fg —)• Z^ then 

satishes a{gr) = 0 for v G P\S whence a = 0 by Theorem |3.6l The theorem follows by 
evaluating a at the gh. ♦ 


)o k is smooth and 
) ^ is smooth and 


Lemma 3.8. In the setting of Theorem 3.2, suppose that each Vi 
proper over k. Let S' C Vk such that v G Vk\ S' if and only if V) ( 
proper over for each i = 1,... ,r. Then we may take S = S' in Theorem 3.2 

Proof. By the proof of Theorem |3.2| and pOl 


4.8.4], for every rational prime i, we may 
take S' = S" U {u G Vfc : = £} in Theorem 3.2 The claim follows since i is arbitrary. ♦ 
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4 Application: topological zeta functions and ]3-adic formulae 


Denef and Loeser introduced topological zeta functions as singularity invariants associated 
with polynomials. These zeta functions were first obtained arithmetically using an ^-adic 
limit “p — 7 - 1” of Igusa’s p-adic zeta functions, see [^. For a geometric approach using 
motivic integration, see Based on the motivic point of view, du Sautoy and Loeser 
introduced topological subalgebra zeta functions. In this section, by combining the 


arithmetic point of view and Theorem 3.2 we show that p-adic formulae alone determine 
associated topological zeta functions, and we discuss consequences. 

We first recall the formalism from |16[ §5] in the version from |17[ §3.1]. Thus, for 
e £ Q[si,.. .,Sni], the expansion X® := (d)(^ “ I)"* ^ • • •, M“ 1] gives 

rise to an embedding h i—)■ h{X, ,..., of Q(X, Ti,..., Tm) into the field 

Q(si,..., Sm){iX — 1)). Let M[X, Ti,..., Ym] denote the subalgebra of Q(X, Ti,..., Ym) 
consisting of those W = g/h with W{X, ..., £ Q(si,..., Sm)|X — 1], where 

g £ ..., Y^^\ and /i is a finite product of non-zero “cyclotomic factors” of 

the form 1 — X‘^Y^^ ■ ■ ■ Y^ for a, 6 i,..., 6m £ Z. Given W £ M[X, W,..., Ym], write 


[WJ := W{X,X -^\... mod (X - 1 ) £ Q(si,... ,Sm). 


We say that a /c-local map Z in m variables is expandable if it is equivalent to a finite 
sum of maps of the form [V -W], where F is a separated o-scheme of finite type and 
W £ M[X, Yi,..., Ym]', we chose the term “expandable” to indicate that each W admits 
a symbolic power series expansion in X — 1 . 


Example 4.1. 


(i) The local maps of the form and from ^3.2 are expandable, 

see §§3.2-3.3] and cf. Ex. 5.11(i)-(ii)]. 


(ii) If A and M from ^3.2.2 have /c-dimension d, then the local maps (1 — X 

and (1 — (pointwise products) are both expandable by 16 Thm 5.16]. 

The factor (1 — X~^)'^ is included to ensure expandability. For example, if the 
multiplication A®kA —^ is zero, then Z"^ is uniformly represented by W{X, Y) := 
1/((1 — T)(l — XY) • • • (1 — X‘^~^Y))-, this reflects the well-known fact that the 

Hence, 


zeta function enumerating the open subgroups of is 1/ nj=c) (1 “ F* 

1 


W{X,X-^) = 


(X-1)-'^ + ...£Q(s)((X-1)) 




which is not a power series in X — 1 for d > 0 . In contrast, W := ( 1 —X ^YW{X,Y) 
belongs to M[X, Y] and \ W'\ = l/(s(s — 1) • • • (s — (d — 1))). 

If F is a /c-variety, then any embedding k ^ C allows us to regard F(C) as a C-analytic 
space. Cohomological comparison theorems (see e.g. [^) show that the topological Euler 
characteristic x(l^(C)) does not depend on the chosen embedding k ^ C. The following 
formalises fundamental insights from |^. 
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Theorem 4.2 (Cf. [I^ Thm 5.12]). Let Vi ,..., V). be separated o-schemes of finite type, 
let Wi, ..., Wr G M[X, Yi,, Ym], and let S C Vk be finite. Suppose that 

r 

Y, • Wiiql, Ti,..., = 0 

i=l 


for all V G Vk \ S and / G N. Then 


Yxmc))-[w,\=o. 

i=l 


Let Z be an expandable fe-local map so that Z is equivalent to 
• • • + [V). • Wr \, where Vi,... ,Vr are separated o-schemes of finite type 
M[X, Yi,..., Yrri\. By Theorem 4.2 we may unambiguously define the 


function Ztop G Q(si 


associated with Z via 


a sum [Vi • Wi] -|- 
and W\,..., Wr G 

topological zeta 


Ztop 

i=l 


By applying this dehnition to the expandable local maps in Example |4.1[ topological 
versions of the zeta functions from §3.2| are defined; the topological zeta function associated 
with a polynomial / G k[Xi,... ,Xn] of Denef and Looser is of course obtained as a 
special case; the same is true of the topological subalgebra zeta functions of du Sautoy 
and Looser, see Rk 5.18]. 

Corollary 4.3. Let Z and H he k-local maps of Denef type. Let P C Vk\ {Sz U Sz') 
have density 1 and suppose that Z{v, 1) = Z'(u, 1) for all v G P. IfZis expandable, then 
so is Z' and Z^p = Z^^p. 

Proof. Combine Corollary |3.3| and Theorem |4.2[ ♦ 


For instance, given Z-forms A and B of two Q-algebras A and B of the same dimension, 
(®) “ (®) almost all p, then the topological subalgebra zeta functions 

of A and B necessarily coincide; we note that the assumption on the dimensions could 
be dropped if |16[ Conj. I] was known to true. This fact seems to suggest an advantage 
of the original arithmetic dehnition of topological zeta functions via explicit p-adic 
formulae compared with specialisations of motivic zeta functions as in —indeed, it 

is not presently known if p-adic identities imply an equality of associated motivic zeta 
functions, see §§7.11-7.14]. It is therefore presently conceivable that Z"^ and Z® might 
be equivalent even though the motivic subalgebra zeta functions of A and B differ. 

In the introductions to his previous articles on the subject (I5||l7] , the author informally 
“read off” topological zeta functions from p-adic ones as the constant term as a series 
in p — 1 (taking into account correction factors as in Example 4.1[ ii)). The informal 
nature was due to some of the p-adic formulae used, in particular those from [^, only 
being known under variation of p but not under base extension, see the hnal paragraph 
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of ^3.3 By combining Corollary |4.3| and the following technical lemma, we may now 


conclude that this informal approach for deducing topological subobject zeta functions 
from suitably uniform p-adic formulae is fully rigorous. In particular, Woodward’s many 
examples of uniform subalgebra and ideal zeta functions immediately provide us with 
knowledge of the corresponding topological zeta functions. 


Lemma 4.4. Let W = g(X, Yi,..., Y ^)/• • • >1™) G Q(^, n, ■ ■ •, Y^) 
for a Laurent polynomial g G ..., Y^^\, a finite set L, and integers ai, bij 

with (oj, 6ii,..., bim) 0 for i £ L. Let Z be an expandable k-local map which is uniformly 
represented by W. Then W G M[X, Yi,..., Ym] and thus Ztop = L^J • 

Proof. By [16[ Thm 5.12], there exists a finite union of affine hyperplanes PL C such 
that for any rational prime i and almost all v £ Vk, there exists d G N such that 


N X Z- \ n{Z) Q, if- s) ^ Z W) (si,..., s^) 

is well-dehned and admits a continuous extension : X Zf \ 'HiZfij Q^. By 

enlarging PL, we may assume that a* YlJLi bijSj for i G / and s G Z'^\PL{Zfi). Since W 
uniformly represents Z, we may choose iPL,i,v,d) such that, in addition to the conditions 
from above, $(/; s) = Wiq^f ,... for (/; s) G N x Z™'\?^(Z). Finally, 

we may also assume that i and that q'^ = 1 mod i. 

Let w be the {X — l)-adic valuation of giX,X~^^,... ,X~^'^) G Q[si,..., Sm]|A — 1]. 
Define G(si ,..., Sm] X - 1) £ Q[si,..., Sm][A - 1] by 


giX, ,..., = (A - 1 )- • G(si,..., A - 1 ) 

and note that the constant term G(si,..., Sm] 0 ) is non-zero. As in the proof of | 16 [ 
Lem. 5 . 6 ], using the Aadic binomial series, for / G Z^ and s £ ZIfi, we have 

{£)-“'. ■ ■ ■. {£)-’”•) = ((£)’ -1)” • O(o; (£)’ - !)■ (4.1) 

Choose Soo G Zff- \ PiifZfi) such that G(si,..., Sm\ 0 ) does not vanish at Soo- Further 
choose (/n)neN C N with /„,—)• 0 in Zg and isn)n&N C Z™' \ PLiZ) with Sn —>• Soo in Zff. 
Define Xn '■= qt^"- Then 


IF(x, 


^ ®nl 


*) = <^ifn; Sn) 4'(0; Soo) G Qe 


(4.2) 


clS Tl — y OO. Let €in — CLi — ^il^nl — * ‘ 
coincides with 


G{Sn-,X 


n 


■-h 




Using rtd.lF the left-hand side of (4.2) 


. ^ jXn - 1)" 


and since the left factor converges to G(soo; 0) G for n -£■ oo, the right one converges 
to an element of Q^. Since • \xn — for e G Z^ and lim^^oo &in 0 for 

i £ L, this is easily seen to imply w if I whence IF G M[A, Fi,..., Ym]- ♦ 
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5 Application: functional equations and uniformity 


Let A be a possibly non-associative Z-algebra whose underlying Z-module is finitely 
generated of torsion-free rank d. Voll |24[ Thm A] proved that, for almost all primes p, 
the local subalgebra zeta function Ca^z (^) satisfies the functional equation 


CA(giZp('®)|p^p-i — ( 


—ds 


CA(giZp('®)’ 


(5.1) 


where the operation of “inverting p” is defined with respect to a judiciously chosen 


formula (3.1). One may ask to what extent the operation “p —)• p depends on the 
chosen Vi and Wi in (|3.1|). As we will see in this section, it does not, in the sense that 


knowing that the functional equation established by Voll behaves well under local base 
extensions (as in and [^), we can conclude that any other formula ( |3.1| ) (subject to 
minor technical constraints) behaves in the same way under inversion of p for almost 


all p. In particular, we will see that the left-hand side of (5.1) takes the expected form of 


symbolically inverting p for uniform examples, a fact which does not seem to have been 
spelled out before. 

We begin by recalling the formalism for “inverting primes” from (m which we then 


combine with our language of local maps from ^ 3 

6 


First, let [/ be a separated scheme of 
finite type over a finite field Fg. As explained in 6, §2] and p0| §1.5], using the rationality 
of the Weil zeta function of U, there are non-zero mi,..., m„ G Z and distinct non-zero 
ai,..., (Xu £ Q such that for each / G N, we have 


#C/(Fgi) = ^m,af. 


(5.2) 


1=1 


By Lem. 2], the {mi,ai) are unique up to permutation. As in |20| §1.5], one may 
thus use (5.2) to unambiguously extend the definition of #C/(Fg/) to arbitrary / G Z. 


Note that by considering the action of Gal(Q/Q) on the right-hand side of (5.2), the 
uniqueness of {(mi, oi),..., (m^, Ou)} implies that #17(Fg/) G Q for / G Z. 

Lemma 5.1. Let Ui,... ,Ur be separated Vq-schemes of finite type. Let Wi, ..., Wr G 
Q(A, Fi,..., Ym) each be regular at {qfi Yi,..., Ym) for all / G Z \ {0}. If 


Y,#Ui{Fgf)-Wi{q^,Yi,...,Y^) = 0 


2=1 


for all / G N, then this identity extends to all / G Z \ {0}. 


Proof. As in the proof of Theorem |3.2[ we may reduce to the case where each Wi G Z[A]. 
The result then follows from Lem. 2] and its Corollary, cf. the proof of Lem. 3]. ♦ 

Remark 5.2. In the cases of interest to us, the denominators of the Wi might be divisible 


by polynomials of the form 1 — A®. This justifies the exclusion of / = 0 in Lemma 5.1 
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Corollary 5.3. Let Fi, ..., be separated o-schemes of finite type and let Wi ,..., Wr € 
Q(X, Yi ,..., Ym) each be regular at {q-^, Yi,..., Y^) for all integers q> 1 and f G Z\{0}. 
Let P <zVk have density 1 and suppose that for all v £ P, 

r 

Y,ffV^{^)■Wfiq,,Yu...,Y^)=Q. 

i=l 

Then there exists a finite set S GVk such that for all v £ Vk \ S and all f £ Z \ {0}, 


• Wfiq^,, n,..., Y^) = 0. 

i=l 


Proof. Combine Theorem 3.2 and Lemma 5.1 


♦ 


Let Vi,... ,Vr be separated o-schemes of finite type, Wi ,..., Wr £ Q(^, Yi,..., Ym) 
each be regular at {qfi Y\,..., Ym) for all integers g > 1 and f £ Z \ {0}, and let Z be a 
fe-local map which is equivalent to the sum [Vi ■ Wi] -f • • • -f [14 • Wr]. For a sufficiently 
large finite set S cVk, the map 


Z, : VA5xZ\{0} ^ Q(yi,..., Ym), {v, ^ ^ #V^{K^^) • Wfiql, ..., Y^^^^f^) 


2=1 


(5.3) 

satisfies Z*(u, /) = Z{v, f) for u £ Vk\S and / G N. By Lemma 5.1 up to enlarging S, the 
map Z* is uniquely determined by the equivalence class of Z and therefore, in partic ular 


independent of the chosen Vi and Wi. In accordance with the definition of Z from i3.1 
we write 

Uv,f) := Z,{v,f){q-f^fi...,q-f^-). 


Lemma 5.4 (Cf. Cor. to Thm 4]). Suppose that the k-local map Z is uniformly 
represented by a rational function W £ Q(X, Yi,..., Ym) which is regular at each point 
{q^,Yi, ... ,Ym) for all integers q > 1 and / G Z \ {0}. Then for almost all v £ Vk 
and all / G N, ice have Z*(u,—/) = W {qfi ^ ,Yfi^,... ,Ym^) and therefore Z*(u, —/) = 

W{qfif,ql^\...,qi^-). ♦ 


The known explicit formulae for the zeta functions from § §3.2.2 - 3.2. 4| satisfy the 
regularity conditions on the Wi from above, allowing us to consider extensions of the 
form (5.3). These extensions satisfy the following functional equations. 


Theorem 5.5. 


(i) ( |24[ Thm A]) Let A be a not necessarily associative k-algebra of dimension d. 
Then for almost all v £ Vk and all / G N, 

^^{v,-f) = i-l)^iqf)("^W<^-Z-^iv,f). 
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(a) ([^ Thm A]) Let g he a perfeet Lie k-algebra of dimension d. Then for almost all 
V € Vk and all / G N, 


zr’^K-/) = (z5-z0’-K/). 

(Hi) ( [^ Thm A]) Let G be a unipotent algebraic group over k. Let d he the dimension 
of the (algebraic) derived subgroup of G. Then for almost all v € Vk and all / G N, 


Remark 5.6. 


Regarding Theorem 5.5 we note that while |24[ Thm A] only spells out the 
functional equation for k = Q and / = 1, the general case follows using the 
arguments in §4.2] and the fact that the formalism from |24[ §3.1] applies to 
extensions of Q and Qp, respectively, after applying simple textual changes such as 
replacing p by either g or a fixed uniformiser. 


(ii) The functional equations in |24[ Thm B-C] can be similarly rephrased using the 
formalism from the present article. 

Let us return to the setting from the opening of this section. Suppose that ( |3.1| ) holds 
for almost all p, where the Vi are separated Z-schemes of finite type and the W* G Q(X , Y) 
are regular at {q^,Y) for all integers q > 1 and / G Z \ {0}. Then Corollary |5.3| and 
Theorem 5.5[i|) show that for almost all p, 




2=1 


regardless of whether the Vi and Wi were obtained as in the proof of Theorem 5.5 ^ or 
not. Note that in the uniform case (r = 1, Ri = Spec(Z)), we obtain 


lTi(A-\ = x(^)y^ • Wi(X, Y); 


(5.4) 


recall that uniformity in the sense of [9 


essentially coincides with our notion of uniformity 
This explains why the various uniform examples 
of local subalgebra zeta functions computed by Woodward satisfy the functional 


for local maps thanks to Corollary 3.5 


equation (5.4) even though the methods he used to compute them differ considerably 


from Voll’s approach. 
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